Triumphs and Challenges in Teaching a Student to Read Mathematics

Mary D. Shepherd

Abstract:  Previous research has been to observe several students reading the same passage and noting the reading difficulties and reading strategies that seem to be effective in generating understanding.  Instead of observing the reading difficulties encountered by many students reading a single passage in a mathematics textbook, this study takes one student and has the student read many passages throughout the second half of the fall 2007 semester.  Observations are made as to improvement the student made in reading and the difficulties encountered.

Introduction:  Reading a mathematics textbook is an area of study that does not have much research.  I have been actively observing students reading their mathematics textbooks for about 4 years.  It is generally believed that students do not read their mathematics textbooks for the purpose of learning anything.  They may use them to find their homework problems or find a similar example to mimic.  Few read the textbook with the purpose of learning the material.  Even fewer still would read the material before it is covered in class without some incentive.  Most, it would seem, jump to the highlighted boxes or examples without reading the text written in between.  This is demonstrated in comments from students at another university when interviewed by me this past fall.  The students had been told to read a section before class and work two online problems over the reading.  Their comments reveal what students more likely do instead of actually reading as we think they should.  Here are three such comments from these interviews.
“First I will read all the blue boxes looking to see if they will help me at all, then….. I usually don't read this stuff (pointing to text in between the blue boxes).”

(After reading a sentence at the start of a section,) “I’d probably go to skip all that because I don’t care.  And I’ll probably just skip all the way to the 5.1 box and read off the definition.”
“I probably read the headings first, to see what is in this chapter,…and then I’d jump over [the blue box] and then I’d probably just thumb through it to see how long it was.  I’d probably skip all the examples in the beginning.  Because I wouldn’t know what’s going on then I would come back and try to read the first paragraph to get an idea what was in this chapter.  And then and then I’d probably jump…[to the first blue box].”

In my first year college classes I encourage and attempt to teach the students how to read their textbook.  I model it and I give propaganda and reading guides for the first several sections of the textbook in College Algebra, PreCalculus and Calculus 1.  Examples may be found in Shepherd, (2005). Most semesters, I bring the students into my office and have each one read part of one section with my guidance.  I have a paper, joint with John and Annie Selden (in press), being rewritten for publication based on research that would indicate that students have difficulties reading their math textbooks, even to the point of trying to follow a simple example or use a definition to work a very simple exercise.  It would appear that the intentions of textbook authors to make their textbooks readable by students is not meeting with the success intended.
Some of the problems that I noted both in the research to be published and in my general observations when students come into my office to read include:

· Problems relating what has been read to prior knowledge

· Problems accessing prior knowledge to help with algebra and geometry

· Problems being careful in using definitions and theorems or even knowing they could go back and look at them when needed.

· Delusions in monitoring understanding.

· Lack of “activeness” in reading—not looking at figures, not creating their own figures

· Becoming frustrated with algebra they can’t follow in the book

· Doing “explorations” without guidance can lead to increased misconceptions

In a conversation with John Selden maybe a year ago, he wondered if students have “learned” to read math poorly and may have developed some bad habits.  When I have students read for me they frequently read straight through, not checking for understanding, not looking at figures and not working the examples with the solutions covered.  The question that initiated the research reported here wonders if it is possible to help a student break these habits and become a better, more effective reader of a mathematics textbook. 
A Math Reading Framework I believe would include the following:

· A purpose for reading

· Activating prior knowledge (algebra, geometry, etc.) to make sense of the current reading.

· Relating the current reading to prior knowledge, both in current reading/text and more general prior knowledge
· Careful use of definitions and theorems.
· Active engagement in the material in the form of trying examples without looking at solutions, matching graphing details, matching definitions/theorems to figures, etc.

· Predicting the use of reading in “applications”.
· Monitoring comprehension.

In addition, from my earlier observations I initially thought that the math reading strategies that might help might include:

· Some type of activation of prior knowledge before reading

· Some type of integration of what is read with prior knowledge

· Encouragement/correction to read symbols and notation correctly

· Encouragement to monitor comprehension while reading

· Encouragement to actively engage in the material by looking at figures, drawing own figures, graphing, working examples with the solution covered, predict the usage of what was read.
I believe the above are indeed strategies that might be very important in learning from reading, based on Constructively Responsive Reading (CRR) from Pressley and Afflerback (1995), and Reciprocal Teaching by Palincsar and Brown (1984) from reading comprehension research.  I also became aware of the concept of “fluency” in reading (Rasinski, 2006).  A simple definition of fluency would be reading (out loud) accurately, with appropriate expression and without having to think about the act of reading itself.  I believe this might also be important in reading a mathematics textbook.

The method of previous research has been to observe several students reading the same passage and noting the reading strategies that seem to be effective in generating understanding.  The current research has been to take one student and have that student read his textbook with guidance from me for several passages throughout the semester.  I asked for volunteers in my fall 2007 classes (one section of calculus 1 and two sections of precalculus) who would be willing to read with my guidance throughout the semester, one to two times per week.  My initial volunteer was from my Calculus 1 course, but after three sessions, he became ill and had to withdraw from the study.  I had to ask for volunteers again.  From that second group of volunteers one was chosen (based on compatible availability with my schedule).  He was a PreCalculus student, whom I will call Sam (not his real name).  
The study:  The student met with me to read the section to be covered at the next class period.  I guided the student while he read, although the guidance frequently became outright tutoring.  Fourteen sessions were audio-recorded, occurring over the second part of a precalculus course (approximately the last 8-9 weeks of the course).  Each session was about 1 hour long with about 45 minutes of recorded reading in each session.  The recordings were transcribed by an honors student and I have reviewed the transcriptions.  

The student read from the following sections of Precalculus by Beecher, Penna and Bittinger (2005):  

3.5 Polynomial and Rational Inequalities

3.6 Variation and Applications

4.3 Logarithmic Functions and Graphs

4.4 Properties of Logarithmic Functions

4.5 Solving Exponential and Logarithmic Equations

4.6 Applications and Models:  Growth and Decay

5.2 Applications of Right Triangles

5.3 Trigonometric Functions of Any Angle

5.6 Graphs of Transformed Sine and Cosine Functions

6.2 Identities:  Cofunctions, Double-Angle, and Half-Angle

6.3 Proving Trigonometric Identities

6.5
Solving Trigonometric Equations

7.1
Law of Sines

7.5
Vectors and Applications

 The preface to the student indicates that the authors expect the book to be read and the features to be used to help the student study and learn the material.

A typical session would begin with me giving the student some type of warm up to activate some prior knowledge that would be needed in the reading for that day.  For instance when Sam came in to read section 4.3 where the logarithmic function was going to be defined as the inverse of the exponential function, I asked Sam, “What do you remember about inverse functions?”  Then, for about 5 minutes we pulled out what Sam remembered from two class periods ago about inverse functions.  Before reading section 4.5 and 4.6 (Solving Exponential and Log Functions, and Applications…), I asked Sam to write at the top of his paper the equivalence between log and exponential forms (
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Then Sam would begin reading the section.  I would frequently stop him and ask, “Does that make sense?”  Or to help him integrate with prior knowledge, I might ask, “Do you remember that we did that…?”  In section 5.6, when reading the boxed definition for amplitude  (The amplitude of the graphs of 
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.) I asked, “Do you know why the absolute value?”  We would frequently have discussions to explain further when his understanding was not where I thought it should be.

When Sam came to an example in the textbook, after being asked to cover the solution in our first reading session, he would look for the “blue sheet” to cover the example.  But frequently his algebra skills were such that I would have to coach through an example or encourage him to go look up definitions or whatever was needed.  For instance when reading in section 4.5 an example about solving the exponential equation 
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 the conversation became like this:
Interviewer:  Now, what kind of equation is that?

Sam:  That’s a quadratic.

Interviewer:  And how do you solve a quadratic?

Sam:  Now will this factor?

Interviewer:  It might or it might not.  What would you do if it doesn’t factor?

Sam:  I don’t know, solve for zero. I don’t know.  I’ve had troubles on those, too.

Interviewer:  Let’s look at the next thing, the next sentence.

Sam: (reading) Using the quadratic formula, we have:

Interviewer:  What’s the quadratic formula?  

Sam: … It’s that time a.  a times…a squared… b is in there somewhere, I think.

Interviewer:  Page 197…

Sam…So we have (and he reads the quadratic formula).  So putting that in there, u would be our x.  So x = -b… I wouldn’t be just u again, would it?

Interviewer:  No.

Sam:  Or is it 6?

And the conversation continues like this for about 5 minutes before Sam gets to 
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.  Sam really struggled with the algebra and the algebra notation.

When new notation was encountered, Sam usually asked how to read it, or if he read some notation incorrectly I would correct him.  For instance when he encountered the notation 
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, he was encouraged to read this as “log base a of x is y” from the very beginning.  When he would read something like cos(x) as cosine times x, I would correct him immediately.  I also corrected usage of “solve” when he really was “evaluating” an expression.
The textbook frequently had an algebraic solution and a “visualizing the solution” side by side.  I encouraged Sam to always try both the algebra and the calculator solutions and compare the results.

In summary, the guidance was given as:

(1) activation of prior knowledge, both before and during the reading 
(2) frequent stopping to ask about understanding, including checking for actual understanding (not just a verbal, “makes sense” comment.)
(3) stopping to encourage looking at graphs, doing calculator examples

(4) covering of many examples and encouraging work without looking at the solutions.

(5) Reading the words/symbols correctly (like “of” instead of “times” for function notation)
Observations:

Sam seemed to have very weak algebra skills as seen in one of the examples above and in many other times in the reading.  I had to “scaffold” his learning to help him get through the material.  As a side observation, the student transcribing the recordings commented that he frequently wanted to tell me just to tell him how to do it instead of trying to pull it out of him.  But I think that by not telling him how to do everything and having him attempt to recall it, that he integrated what he read and learned better.

When asked to recall some prior knowledge, there often seemed to be a lack of organization to the recall, as though a bunch of memorized or half learned things were all jumbled together.  This was evident any time Sam needed to solve a quadratic equation as seen above.  He also had difficulties recalling geometry correctly.   For instance when learning to add two vectors and working through an example where two forces of 15 newtons and 25 newtons act on an object at right angles to each other and he was asked to find the magnitude of the resultant and the angle that it makes with the larger force.  After finding the magnitude of the resultant this occurs:

Sam:  And then what else?  They’re wanting us to find the angle also?  Which wouldn’t that just be 45 degrees?

Interviewer:  Does it look like 45 degrees to you?

Sam:  I guess it wouldn’t be.

    (After some more discussion Sam confuses tangent and inverse tangent, also.)  

Some apparent understanding did not carry from one reading session to another although it did seem to hold within a single reading session.  In particular, even though Sam could recall soh-cah-toa at will, he had difficulty remembering that the first coordinate of a point of the unit circle was cosine of the angle and the second coordinate was sine of the angle.
There was very definitely an emotional response apparent in the reading.  When Sam could work an example on his own or a more difficult one with guidance he expressed pleasure in the form of statements like: “That’s cool.”  In addition, in the next class period, Sam was much more engaged in the lecture.
When he was confused or unsure, he would say, “That was just throwing me off.  It just looks so complicated I guess.”  “I’m not very good at these.”

At first, when I would interrupt him to check for understanding, he might also ask a question, or say “kinda,” or he might restate in his own words what he had read.  In later recordings, if he did understand he would just quickly say “yes” and go on reading, as though to say, don’t interrupt me, I get this.  If he didn’t understand he would freely admit he didn’t get it, although I did not get the impression that he would stop on his own to repair his understanding.
The effect of fluency in reading was most apparent when Sam read about logarithms.  He had never seen logarithms before, and from the very beginning was encouraged to read the notation correctly and to keep recalling the equivalence of the exponential form.  The sections on logarithms were Sam’s best as far as reading and in his performance on tests.  Although more study would be needed it might be that reading mathematical notation fluently and with understanding, from the time a topic is introduced, could lead to greater understanding of the material.

Sam’s observations of what seemed to help the most in learning the material were, in his own words:

· First and foremost, having you sitting right next to me.

· Just know the dialogue.  Every time I mess up a word, you could correct me.

· The one chapter with the subzero stuff (log base a), and knowing that I could do it in my head almost sometimes.

· Being able to verbalize it correctly was a huge thing.

· Getting prepped for the chapter (doing a warm up to activate prior knowledge before reading the section).

· It’s fun going over the examples first and then doing the chapter so then you can come back and instead of having to go through it again, you can kind of just point out key things all throughout.

In summary, some of the more apparent observations I made are:  
(1) Sam had very weak prior knowledge related to arithmetic/algebra connections and this seemed to interfere with learning from reading.

(2) When faced with needing to recall some prior knowledge, there seemed to be a lack of organization to the recall, so Sam often had difficulty getting to the prior knowledge that was needed.
(3) Heavy scaffolding was needed often to get Sam through algebra.

(4) Reading fluency for, particularly log, notation seemed to improve understanding

(5) Some “understanding” did not seem to hold from one reading session to the next (e.g. the x coordinate on the unit circle is cos (angle), etc.)

(6) Affect was quite present—both positive when “got” an example and negative related to self confidence.

(7) Sam failed course with me but passed this semester with a different teacher and with much improved understanding.  TRIUMPH!!!
Conclusions:

(1) Prior knowledge activation is a problem in general.  This could be either from a lack of organization or other reason or could have been specific to this student.

(2) Fluency in reading “correctly” seemed to help understanding, especially when encountering notation for the first time.

(3) Changing reading habits of students appears to be a time consuming endeavor and more research is needed.

(4) It is very time consuming to teach reading individually, and with the challenges of trying to get careful algebra/arithmetic computations where there are deficits in prior knowledge, some expertise in coaching might be needed.

(5) Overcoming the “I don’t need to read the text between the examples and boxes” without a coach might be a problem

Further research opportunities:

(1) There is a need to repeat this type of study, maybe several times, with different levels of students.

(2) It is possible that group reading, one student reading, one following along might be a possibility to engage and encourage students to read their textbooks with understanding.
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