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Introduction

Patterns can be found everywhere in every aspect of life.  They can be applied to many subject areas and numerous occupations: from art, to architecture, to music.  My goal is to take you through one way to think about patterns, how patterns can be classified, and show some creations I have made.  You will find that the more you learn about patterns, the more you will see them in every day life.  They capture your eye and they intrigue you; whether they are found in nature or man made.  My goal after you read this paper is for you to be able to recognize these many patterns in the world around you and be able to categorize what exactly you are seeing.

Patterns and Motifs
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The repeated “fish” figure that you see above is called a motif.  According to Grünbaum and Shephard, a motif is “any non-empty plane set” (1987).  This means that a motif can be any two dimensional plane object.  A pattern can be described “as repetitions of a ‘motif’ in the plane” (Grünbaum and Shephard, 1987).  We can repeat the “fish” motifs on a plane to form a pattern.

When you think of patterns what do you think of?  My first thought when I started doing research on this topic was wallpaper.  Consider the wallpaper pattern below from the Sherwin-Williams website (2008).
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What do you notice about this pattern?  Is there a repeated motif?  Is the motif symmetrical?  Could you rotate the motif about a fixed point by a fixed angle and have it look the same as when you started?  What I am describing are isometries in the plane.  An isometry is a mapping of the plane onto itself which preserves distances.

Four types of isometries in the plane are rotation, translation, reflection and glide-reflection.  Rotation is when you rotate the plane about a certain point in the plane.  Below, you can see that I have taken half of the “fish” motif and rotated it about the point A by 
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 degrees, where k = 0,1,2,3,4,5.  Each rotation is an isometry.  The images of the basic motif under the additional five rotations is a pattern. 
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The next picture demonstrates translation.  This is when you slide the plane in any particular direction or distance.
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Reflection is when the plane is mirrored over a line as shown below with the “fish” being mirrored over the line l.
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Finally, as you can see below, glide-reflection is when the plane is translated and then reflected over a line.
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The isometries of the plane form a group under composition.  An isometry is then called a symmetry when that isometry maps the pattern in the plane back onto itself.  For example, in the diagram above displaying rotation, when the pattern is rotated about the point A by 
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 degrees, where k = 0, 1, 2, 3, 4, 5, the pattern lands back on top of itself.


Any subgroup of the group of isometries, that contains symmetries of some plane figure, is called a symmetry group.  There are three broad categories of symmetry groups.  One type of symmetry group, the rosette symmetry groups, has only reflections and rotations, and has no translations or glide-reflections.  The finite pattern types are a subclassification of this class of symmetry groups.  Another type of symmetry group, the frieze symmetry groups, has reflections and rotations.  It also contains translations and glide-reflections, but only along one line.  The strip pattern types are a subclassification of these symmetry groups.  One more type of symmetry group, the wallpaper symmetry groups, is one which has rotations, reflections and glide-reflections.  This symmetry group also has translations in two linearly independent directions.   The periodic pattern types are a subclassification of these symmetry groups.

	Symmetry Groups
	Isometries
	Pattern Type Subclassification

	Rosette
	Only reflection and rotation
	Finite

	Frieze
	Only reflection and rotation. Along with translation and glide-reflection in one direction.
	Strip

	Wallpaper
	Only rotation, reflection, and glide-reflection. Along with translation in two linearly independent directions
	Periodic


The three pattern types of finite, strip, and periodic will be discussed next.
Pattern Types of Finite Patterns
To fully understand what a finite pattern is, we must first look into a few definitions.  A pattern is discrete if it meets the following two conditions:  (1) The motif is a bounded and connected set.  (2) You can place an open set around the motif without that open set touching any other copy of the motif in the plane.  Furthermore, a discrete pattern is non-trivial if there are at least two copies of the motif in the pattern.

There are two classes of symmetry groups that lead to finite patterns; the cyclic group of order n (cn) and the dihedral group of order n (dn) where n is an integer greater or equal to one.  The cyclic group consists of the rotations of the motif about a fixed point.  The order of a group when referring to cn means that 360/n is the smallest non-zero rotation within the pattern.  For example, the cyclic group c2 consists of the identity and also the 180˚ rotation of that motif.  The cyclic group c4 would consist of the identity, the 90˚, 180˚, and the 270˚ rotations.  As I was drawing these cyclic groups, I observed that the cyclic group c4 includes the cyclic group c2 and the identity.  Clearly any cyclic group of order m is a subgroup of a cyclic group of order n where 
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.  This means that c2 and c1 are subgroups of c4.

The dihedral group of order n is denoted as dn where n is an integer greater or equal to one.  The order of a group when referring to dn means that the pattern will have n distinct lines of reflection.  This group consists of all of the isometries of cn, meaning that cn is a subgroup of dn.  Just like with cn, d1 is a subgroup of d2.  Also, d1 and d2 are subgroups of d4.  Clearly, the same is true for dn such that if m divides n, dm is a subgroup of dn.
Now that we have some definitions laid out, we can look at what it means for a pattern to be finite.  A discrete pattern is finite if it is non-trivial and if its symmetry group is either cn, where 
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 or dn, where 
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.  There are three families of pattern types within the finite patterns.  These three families of patterns are named PF1n, 
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, PF2n, 
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, and PF3n, 
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 (Grünbaum and Shephard, 1987).
The first family of pattern type in the finite patterns, PF1n, 
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, stems from the symmetry group of cn.  This means that every pattern in this family of finite patterns must be cyclic.  Induced groups refer only to the symmetries within the motif itself.  The induced groups can be used to further classify the symmetry groups.  For example, PF1n, 
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 comes from the symmetry group cn, and an induced group of c1, or e.  This means that the pattern as a whole is cyclic, but the motif itself has no symmetries, just the identity.  See an example of PF16 below.
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The second finite pattern type is PF2n, 
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.  This pattern type comes from the symmetry group dn, which means that it is dihedral.  In addition to being dihedral, this pattern type stems from an induced group of c1.  So, the pattern as a whole is dihedral, but the motif contains only the identity with no symmetries.  Below is an example of PF26.
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The third and final finite pattern type is PF3n, 
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.  Just like PF2n, 
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, every pattern in this pattern type is dihedral.  The difference between PF2n, 
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 and PF3n, 
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 is that PF3n, 
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 stems from an induced group d1.  This implies that the pattern itself is dihedral for 
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 and the motif is d1.  Below is an example of PF36.
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Obviously there are infinitely many possibilities of finite patterns using any integer n greater than one or two, but every finite pattern must fit into one of the three previously mentioned families.

Pattern Types of Strip Patterns
A strip pattern is very much how it sounds.  It is a pattern which lies in a straight line, creating a ‘strip.’  There are fifteen different pattern types of strip patterns.  These pattern types are labeled PS1, PS2, PS3,…,PS15.  Just like with the finite patterns, the strip pattern types are subclassifications of the frieze symmetry groups.  There are seven frieze symmetry groups labeled with four characters each.  The first character is always a p.  The second character is either a ‘1’ or an ‘m’.  The ‘1’ means that the pattern has no vertical reflections and the ‘m’ means that the pattern has a vertical reflection.  The third character is either a ‘1’, an ‘m’, or an ‘a’.  The ‘1’ means that there are no horizontal reflections or glide reflections, the ‘m’ means that there is a horizontal reflection, and the ‘a’ means that there is a glide reflection.  Finally, the fourth character is either a ‘1’ or a ‘2’.  The ‘1’ shows that there are no rotations and the ‘2’ shows that there are 180˚ rotations in the pattern.  Using these different combinations we have seven possible symmetry groups.  See the table below for descriptions of each taken from Tilings and Patterns (Grünbaum and Shephard, 1987).

	Symmetry Group S(P​​)
	Symmetries in the Group

	p111
	Only translation

	p1a1
	Translation and glide-reflection

	p1m1
	Translation and horizontal reflection

	pm11
	Translation and vertical reflection

	p112
	Translation and rotation

	pma2
	Translation, vertical reflection, glide-reflection, and rotation

	pmm2
	Translation, vertical reflection, and rotation


Since there are fifteen pattern types and seven symmetry groups, obviously there are going to be multiple pattern types to a certain symmetry group.  The difference will come in the induced groups.  Observe the figures below to see an example of each of the fifteen strip patterns and an explanation to which symmetry group and the induced group goes with each pattern type.
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Notice that in the case of PS13 and PS14 they both have an induced group of d1.  A motif transitive subgroup is a subgroup of the symmetry group that maps any motif onto any other copy of the motif in the pattern.  These two pattern types differ because they have different motif-transitive proper subgroups.  I will not elaborate on this any further, but you can refer to Grünbaum and Shephard for further details.

Pattern Types of Periodic Patterns


There are fifty-one different pattern types within the periodic patterns labeled PP1 through PP51.  A periodic pattern is a pattern that classifies further the seventeen wallpaper groups.  The wallpaper groups are as follows taken from Tilings and Patterns (Grünbaum and Shephard, 1987).

	Symmetry Groups
	Description

	p1
	Only translation

	pg
	Two glide-reflections

	pm
	Two reflections

	cm
	One glide-reflection, one reflection

	p2
	Four rotations of period two

	pgg
	Two glide-reflections, two rotations of period 2

	pmg
	Two glide-reflections, one reflection, two rotations of period two

	pmm
	Four reflections, four rotations of period two

	cmm
	Two glide-reflections, two reflections, four rotations of period two

	p3
	Three rotations of period three

	p31m
	One glide-reflection, one reflection, two rotations of period three

	p3m1
	One glide-reflection, one reflection, three rotations of period three

	p4
	One rotation of period two, two rotations of period four

	p4g
	Two glide-reflections, one reflection, one rotation of period two, one rotation of period four

	p4m
	One glide-reflection, three reflections, one rotation of period two, one rotation of period four

	p6
	One rotation of period two, one rotation of period four, one rotation of period six

	p6m
	Two glide-reflections, two reflections, one rotation of period two, one rotation of period four, one rotation of period six


Furthermore, the wallpaper symmetry groups come from an induced group of either cn, where 
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or dn, where 
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.  In a couple of cases, the symmetry group and induced group of two pattern types are the same, so one must look further to the motif-transitive subgroup to distinguish a difference in pattern types.  See an example of each of the fifty-one different periodic pattern types along with their symmetry group and induced group below.
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Conclusion


As you can see, patterns are more than just pretty pictures.  They are intricately classified designs that can be categorized into symmetry groups, pattern types, and beyond.  As I continue to work with patterns, I hope to make new discoveries.  I would love to choose a new motif and compare and contrast the differences in the patterns from what I have created already.  I would also like to work with computer programs already in existence or develop a new computer program that could create these patterns by inserting a chosen motif and typing in commands.  There is so much more to learn in this field and I feel that I have only touched the tip of the iceberg.  I look forward to what I will discover in the days to come.
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