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Abstract:  Counting is, perhaps, the most fundamental of all mathematical notions, and yet, if you ask a typical undergraduate to define the process of counting, most would be at a loss.  This presentation introduces a formal definition of counting and displays counting arguments from Proofs that Really Count:  The Art of Combinatorial Proof, by Art Benjamin and Jenny Quinn.  All examples given in this talk are from their text.

Formally, for any finite set, to count is to find a one-to-one correspondence between the objects in the set and the set {1,2,…,n} for some positive integer n.  For the purposes of this presentation, and to make the talk as accessible as possible for undergraduate students, we restrict our attention to binomial coefficients.  Students will be familiar with these numbers from Pascal’s Triangle, used to obtain the coefficients of the expanded polynomial expansion of 
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Def:  The binomial coefficient  
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 is the number of k-element subsets of the set {1,2,…,n}.   Equivalently, we can think of 
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as representing the number of committees with k students that can be chosen from a class of n students.  

The general idea behind this combinatorial proof technique is that we will count some specified set of objects in two different ways, leading to two expressions that must be equal because they enumerate the same set.  The trick is to pick the right set and the right perspective on counting to make the expressions evident.  The first three examples are presented in detail.  The remaining examples are left as exercises for the reader, with partial solutions and hints following the acknowledgements.  (Don’t peek!)
Example 1:  For 
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Question:  How many ways can a k-student committee be chosen from a class with n students?

Answer 1:  
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by definition.

Answer 2:  We could choose 
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 students to exclude from the committee.  Hence, 
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Example 2:  For 
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Question:  How many ways can a k-student committee be chosen from a class with n students?

Answer 1:  
[image: image11.wmf],
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by definition.

Answer 2:  We consider if a certain student is on the committee.  If not, then there are 
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ways to choose the committee.  If so, there are 
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ways to pick the other 
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 members of the committee.

Example 3:  For  
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Question:  In how many ways can a committee (of any size) be chosen from a class of n students?
Answer 1:  There are 
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committees of size k.  Hence, there are 
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 ways of selecting some committee.

Answer 2:  There are n students.  Decide for each student whether that student will or will not be on the committee.  There are exactly two choices for each student (on or off) so there are 
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 possible committees.
Now, you are challenged to discover the arguments for yourself.  Appropriate questions are given at the end of this manuscript with additional hints after the acknowledgements.  Don’t peek!

Example 4:  For 
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Example 5:  For 
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Example 6:  Now add the terms from Example 5 to see what you get.  

For 
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Hint:  You may want to try a few examples to see if you can find a pattern, but ultimately, you want to find a counting argument similar to the previous examples.

Example 7:  For 
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Note:  This is called Vandermonde’s Identity.

Challenge Problem 1:  For 
[image: image23.wmf]1,33.

2

33

2

n

nn

n

æö

æö

æöæö

ç÷

ç÷

³=+

èø

ç÷ç÷

ç÷

èøèø

ç÷

èø


To motivate the final challenge problem, observe in Pascal’s Triangle below that the alternating numbers going around the “hexagon” centered at 21 have the same product.  That is, observe that 
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  It is easy to verify that this is true for any particular hexagon in Pascal’s Triangle.  There are arguments using the factorial definitions of the binomial coefficients that justify this identity in general.  However, to the best of my knowledge, there is no combinatorial argument similar to those discussed here that intuitively proves this relationship.  Please feel free to offer insights into this problem.
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Challenge Problem 2 (An Open Question):  For 
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Acknowledgements:  Most of the material for this talk was taken directly from the MAA publication, Proofs that Really Count:  The Art of Combinatorial Proof, 2003, by Arthur Benjamin and Jennifer Quinn, Chapter 5.
Questions for Examples and Challenge Problem 1:
Example 4:  In how many ways can we select a committee with an even number of members from a class of n students?

Example 5:  In how many ways can we choose a k-person committee from a class of n students with a designated chair of the committee?

Example 6:  In how many ways can we choose a committee of any size from a class of n students with a designated chair of the committee?
Example 7:  In how many ways can we choose a k-person committee from a class with m girls and n boys?

Challenge Problem 1:  In how many ways can two pairs of students be chosen from the set of all distinct pairs of students in a class of n students?

Additional Hints:

Example 4:  For the first 
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 students, decide for each if they are or are not on the committee.  The last student’s participation is then determined by whether the number on the committee is even or odd without his or her participation.

Example 5:  Choose the committee then the chair, or the chair then the rest of the committee.

Example 6:  Same as Example 5.  Committee (of any size) then chair, or chair then the rest of the committee.

Challenge Problem 1:  Each pair of pairs either has three individuals involved or four individuals involved.  (There can not be only two people because the pairs were distinct.)  If three people involved, then there are three choices for which is included in both pairs.   

1


                               1    1


1	2	1


                         1    3	3    1


1	4	6    4	1


1    5	10  10    5    1


1    6	15   20   15    6    1


1    7    21    35    35    21   7    1


1    8	28    56    70    56    28   8   1


1    9   36   84   126   126   84   36   9   1 


1  10  45  120  210  252  210  120   45  10  1   
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