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Introduction

 To help maximize profits and prevent having unused merchandise, many companies use mathematical models. The models assist the business in determining the optimal times to produce or order products and they also advise the quantity of the product that must be produced or ordered in order to keep costs down. Mathematical models can be extremely beneficial if used correctly. We studied several deterministic models used to determine the optimal values. In this research, we will show how inventory modeling can lower costs and save a company money. 
Here is an overview. First, the company or business must formulate a mathematical model that will take into account many key factors. Next, using the model they determine the optimal times and amounts of the product to order or manufacture. Finally, the business must frequently use a computer to maintain a record of the inventory levels, costs, and other factors so they can, if necessary, adjust the models.


There are many components of inventory models including: the costs of ordering or manufacturing, holding or storage costs, unsatisfied demand or shortage penalty costs, revenues, salvage costs, and discount rates. These components and others help form equations that are used to optimize the company’s revenue and overall performance. However, the company may or may not have all of these factors. For example, if the business chooses not to allow shortages, then the model will not include shortage penalty costs. 
Shortages Not Permitted


We will first discuss deterministic models where shortages are not permitted. The demand will be assumed constant in this section. If the business decides to not allow shortages, then, according to Introduction to Operations Research the production cost per cycle is given by:

{0,

if Q = 0


{K + cQ,
if Q > 0

where K represents set-up costs, c is the unit price paid, and Q signifies the quantity produced or ordered. To prevent shortages the company must hold the merchandise until it can be sold. If a is the quantity demanded per unit of time, then Q/a is the number of units of time in an inventory cycle. Let h represent the cost of holding one item for one unit of time. Then the holding cost for one inventory cycle is given by hQ2/2a since Q/2 is the average number of items during any unit of time in the cycle. [1]

The total cost is the production cost plus holding cost per unit of time as represented by:







T  =      total cost per cycle          =   K+cQ+(hQ2)/(2a)
                 # of units of time per cycle
            (Q/a)

    

or
T= aK + ac + hQ                                                        (1)
       Q              2.


If quantity discounts exists, then c may be a step function instead of a constant. This must be considered as often the company can save money by ordering only a few more items to reach a price break. Quantity discounts should be carefully reviewed when computing Q.  [1]

Obviously the company wants to produce or order the lowest amount of merchandise such to maximize their profits. The optimal value of Q, represented by Q*, that minimizes T can be found from dT/dQ = 0. Differentiating equation 1 and solving dT/dQ = 0 yields Q* = √(2aK/h). The optimal length of time between orders, t*, can be found from t*= Q* / a = √(2K/ah). [1]
Shortages Permitted


Many businesses allow shortages to increase profit. The production cost will be the same as before. However, the holding cost becomes hS​​​​2/ 2a where S is the stock on hand at the beginning of the cycle. The cost per inventory cycle of allowing a shortage is represented by Ts:





TS = p(Q – S)2





 2a
where p is the cost, in dollars, of each unit of demand unfilled for one unit of time. Thus, the total cost when shortages are permitted is the production cost plus the holding cost plus the total shortage cost. The total cost per unit of time is:








TSP = K + cQ + (hS2/2a) + (p(Q – S)2/2a)







  (Q/a)






or

TSP = aK + ac + hS2 + p(Q – S)2




          Q              2Q        2Q.

The company must find the optimal amount of stock to have on hand and the optimal quantity to order or produce, S* and Q* respectively. These values are found by setting the partial derivates of dTSP/dS and dTSP/dQ equal to zero. Solving those simultaneously, we find that:

S* = √(2aK / h) √(p / p+h)

Q* = √(2aK / h) √(p+h / p)
We also find that the optimal time between orders is: t* = Q* / a = √(2aK / ah) √(p+h / p) and the maximum shortage allowed is: Q* - S* = √(2aK / p) √(h / p+h). [1]
Dynamic Programming Solution for Periodic Review

Many businesses order only at the beginning of each unit of time; for example, each month. Next we study a model based on this practice. This model computes the optimal quantities to order or produce over several time periods. The total cost incurred in period i is represented by:




Bi(xi,zi) = {K + czi + h(xi + zi – ri), 
if zi > 0




    {
          h(xi + ri), 
if zi = 0

where zi is the quantity produced at the beginning of the period, xi is the inventory entering the period, ri is quantity demanded during that period, and as before K represents set-up costs, c is the unit price paid, and h is the holding cost. In this case the total cost of the best overall policy is determined by working backorders, that is, from the beginning of the last period to the beginning of the first. [1]

First, we find the cost of purchasing what is needed for just the last period. Working backwards for each period we find the total cost of the optimal policy for that period to the end of the planning horizon. This is given by the formula:



Ci*(xi) = min [Bi (xi , zi) + C*i+1(x​i​​​ + zi ​– ri)].

The cost Ci* is the minimum of the costs incurred for each of the possible ordering strategies.  [1]
An Algorithmic Method

Notice that the above formula is a recursive relationship. We can shorten the number of calculations by finding that the production costs = setup costs + c(ri + ri+1 + … + rj) and the holding costs = h(z1 – r1) + h(z1 + z2 – r1 – r2) + … + h(z1 + z2 + … + zj – r1 – r2 - … rj). Here Ci is the best overall policy from the beginning of period i, assuming no stock is available then, to the end of the planning horizon. 

Ci = min[Cj+1 + K + c(ri + ri+1 + … + rj) + h(ri+1 + 2ri+2 + 3ri+3 + … + (j-i)j)]


       j = i, i+1, … , n
Again, Ci will be the total cost for the best policy. [1]
Our Example

In order to get a better understanding let’s consider a business that sells three items: a GPS unit for $350, a tent for $250, and a t-shirt for $10. Assume these costs: 

	
	GPS
	Tent
	T-shirt

	set-up cost
	4
	3
	1

	cost (in hundreds)
	1.8
	2
	0.5

	holding cost
	0.6
	0.7
	0.1


We study the inventory over four periods where the demand for the GPS and the tent varies throughout the year, but the t-shirt has a steady demand. Further assume that the GPS and the t-shirt must be ordered in crates as shown below. 
	GPS
	demand
	  
	tent
	demand
	
	T-shirt
	demand

	period
	Qty
	crate                     (6 ea)
	
	period
	Qty
	
	period
	Qty
	crate                    (15 ea)

	1
	6
	1
	
	1
	15
	
	1
	90
	6

	2
	24
	4
	
	2
	27
	
	2
	90
	6

	3
	18
	3
	
	3
	33
	
	3
	90
	6

	4
	24
	4
	
	4
	13
	
	4
	90
	6


We use a Dynamic Modeling method where Ci*(xi) = min [Bi (xi , zi) + C*i+1(x​i​​​ + zi ​– ri)].  In Appendix 1, we have used Microsoft Excel to perform the calculations for the GPS.
After completing the Dynamic Model for all four periods we find that the lowest cost occurs when 5 crates are ordered at the beginning of the first period and 7 crates are ordered at the beginning of the third period. We know that the demand for the first period is 1 crate and the demand for the second period is 4 crates, so we enter the third period with no inventory. The demand for the third period is 3 and the demand for the fourth period is 4 so we have no inventory end of the year, which is optimal. 

Next, we used the algorithmic method to determine the optimal times to order. We began with the fourth period. Obviously, we can order only for that period. After that we found the cost of ordering for the third period and fourth period individually or ordering for the third and fourth periods in one batch. (See Appendix 2) We then completed the calculations for the second and first period. Again, we found that inventory should be ordered at the beginning of the first period and the beginning of the third period. With this method, the quantities to order each time are not as obvious. 
Finally, we calculated the quantities and times to order using a version of a truth table. The ones represent an order being placed at the beginning of that period. Using the total cost equation we found that the optimal times to order the GPS crates are the beginning of the first and the beginning of the third period. With this method we can see the period in which to place an order and the exact quantities to order. (See Appendix 3) 

After analyzing the GPS with all three methods, we calculated the same information for the tent and t-shirt. We used only the “truth table” version since it is the method that has the least number of calculations and therefore the smallest margin of error. It also clearly gives the quantity to order. For the tent we found that we should order at the beginning of each period, which will result in a total cost of $188. This cost is much higher than the GPS and t-shirt because it is the cost of each item, not per crate. (See Appendix 4) Finally, we found that the t-shirt should be ordered at the beginning of the first period and the beginning of the third period for a total cost of $9.20 (See Appendix 5).

In our example, the maximum cost for ordering the crates of GPSs was $41 and the minimum was $34.40 for a difference of $6.60. For the tent, the maximum was $271 and the minimum was $188 for a difference of $83. Finally, for the t-shirt, the maximum was $10.60 and the minimum was $9.20. Considering the cost in terms of units we found that by using mathematical models for inventory the company saved up to $195.80 in just one planning horizon! 
Final Thoughts
In conclusion, a company can benefit greatly from using mathematical models for inventory. We studied several models used to determine the optimal values finding the same result for all three approaches as expected. We showed how inventory modeling can lower costs and save a company money.  It is clear to see how a large company could save millions by using mathematical models for inventory! We hope to continue our research by determining how the demand of a product affects the total cost. What is the relation between change in demand and change in cost? Additionally, we will study stochastic models and begin to study how businesses forecast demand for future periods. 

Appendix 1:
	GPS
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	x4
	z4
	c*4(x4)
	z*4
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	0
	4
	11.2
	4
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	1
	3
	9.4
	3
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	2
	2
	7.6
	2
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	3
	1
	5.8
	1
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	4
	0
	0
	0
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	x3\z3
	0
	1
	2
	3
	4
	5
	6
	7
	c*3(x3)
	z*3
	 
	 
	 
	 
	 

	0
	 
	 
	 
	20.6
	21.2
	21.8
	22.4
	19
	19
	7
	 
	 
	 
	 
	 

	1
	 
	 
	18.8
	19.4
	20
	20.6
	16.6
	 
	16.6
	6
	 
	 
	 
	 
	 

	2
	 
	17
	17.6
	18.2
	18.8
	15.4
	 
	 
	15.4
	5
	 
	 
	 
	 
	 

	3
	11.2
	15.8
	16.4
	17
	13.6
	 
	 
	 
	11.2
	0
	 
	 
	 
	 
	 

	4
	10
	14.6
	15.2
	11.8
	 
	 
	 
	 
	10
	0
	 
	 
	 
	 
	 

	5
	8.8
	13.4
	10
	 
	 
	 
	 
	 
	8.8
	0
	 
	 
	 
	 
	 

	6
	7.6
	8.2
	 
	 
	 
	 
	 
	 
	7.6
	0
	 
	 
	 
	 
	 

	7
	2.4
	 
	 
	 
	 
	 
	 
	 
	2.4
	0
	 
	 
	 
	 
	 

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	x2\z2
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	c*2(x2)
	z*2
	 

	0
	 
	 
	 
	 
	30.2
	30.2
	31.4
	29.6
	30.8
	32
	33.2
	30.4
	29.6
	7
	 

	1
	 
	 
	 
	28.4
	28.4
	29.6
	27.8
	29
	30.2
	31.4
	28.6
	 
	27.8
	6
	 

	2
	 
	 
	26.6
	26.6
	27.8
	26
	27.2
	28.4
	29.6
	26.8
	 
	 
	26
	5
	 

	3
	 
	24.8
	24.8
	26
	24.2
	25.4
	26.6
	27.8
	25
	 
	 
	 
	24.2
	4
	 

	4
	19
	23
	24.2
	22.4
	23.6
	24.8
	26
	23.2
	 
	 
	 
	 
	19
	0
	 

	5
	17.2
	22.4
	20.6
	21.8
	23
	24.2
	21.4
	 
	 
	 
	 
	 
	17.2
	0
	 

	6
	16.6
	18.8
	20
	21.2
	22.4
	19.6
	 
	 
	 
	 
	 
	 
	16.6
	0
	 

	7
	13
	18.2
	19.4
	20.6
	17.8
	 
	 
	 
	 
	 
	 
	 
	13
	0
	 

	8
	12.4
	17.6
	18.8
	16
	 
	 
	 
	 
	 
	 
	 
	 
	12.4
	0
	 

	9
	11.8
	17
	14.2
	 
	 
	 
	 
	 
	 
	 
	 
	 
	11.8
	0
	 

	10
	11.2
	12.4
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	11.2
	0
	 

	11
	6.6
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	6.6
	0
	 

	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 
	 

	x1\z1
	0
	1
	2
	3
	4
	5
	6
	7
	8
	9
	10
	11
	12
	c*1(x1)
	z*1

	0
	 
	35.40
	36.00
	36.60
	37.20
	34.40
	35.00
	36.80
	35.60
	37.40
	39.20
	41.00
	38.80
	34.40
	5


Appendix 2:
	SHORTER VERSION/RECURSIVE
	

	GPS
	
	
	
	

	set-up cost
	4
	
	
	

	cost
	1.8
	
	
	

	holding cost
	0.6
	
	
	

	
	
	
	
	

	Period 4
	
	
	
	

	order 4
	best
	
	
	

	11.2
	11.2
	
	
	

	
	
	
	
	

	Period 3
	
	
	
	

	order 3
	order 3,4
	best
	
	

	23
	19
	19
	
	

	
	
	
	
	

	Period 2
	
	
	
	

	order 2
	order 2,3
	order 2,3,4
	best
	

	36.8
	29.6
	30.4
	29.6
	

	
	
	
	
	

	Period 1
	
	
	
	

	order 1
	order 1,2
	order 1,2,3
	order 1,2,3,4
	best

	35.4
	34.4
	35.6
	38.8
	34.4


Appendix 3:
	“Truth Table” 
	
	Demand:
	1
	4
	3
	4
	

	GPS
	
	
	
	
	
	
	
	

	x1
	x2
	x3
	x4
	z1
	z2
	z3
	z4
	C*

	1
	1
	1
	1
	1
	4
	3
	4
	37.6

	1
	1
	1
	0
	1
	4
	7
	0
	36

	1
	1
	0
	1
	1
	7
	0
	4
	35.4

	1
	1
	0
	0
	1
	11
	0
	0
	36.2

	1
	0
	1
	1
	5
	0
	3
	4
	36

	1
	0
	1
	0
	5
	0
	7
	0
	34.4

	1
	0
	0
	1
	8
	0
	0
	4
	35.6

	1
	0
	0
	0
	12
	0
	0
	0
	38.8

	
	
	
	
	
	
	
	
	Min= 34.4


Appendix 4:

	"Truth Table"
	
	Demand:
	15
	27
	33
	13
	

	TENT
	
	
	
	
	
	
	
	

	
	
	
	
	
	
	
	
	

	x1
	x2
	x3
	x4
	z1
	z2
	z3
	z4
	C*

	1
	1
	1
	1
	15
	27
	33
	13
	188

	1
	1
	1
	0
	15
	27
	46
	0
	194

	1
	1
	0
	1
	15
	60
	0
	13
	208

	1
	1
	0
	0
	15
	73
	0
	0
	223

	1
	0
	1
	1
	42
	0
	33
	13
	204

	1
	0
	1
	0
	42
	0
	46
	0
	210

	1
	0
	0
	1
	75
	0
	0
	13
	247

	1
	0
	0
	0
	88
	0
	0
	0
	271

	 
	 
	 
	 
	 
	 
	 
	 
	Min=188


Appendix 5:

	"Truth Table"
	
	Demand:
	6
	6
	6
	6
	

	T-shirt
	
	
	
	
	
	
	
	

	x1
	x2
	x3
	x4
	z1
	z2
	z3
	z4
	C*

	1
	1
	1
	1
	6
	6
	6
	6
	10

	1
	1
	1
	0
	6
	6
	12
	0
	9.6

	1
	1
	0
	1
	6
	12
	0
	6
	9.6

	1
	1
	0
	0
	6
	18
	0
	0
	9.8

	1
	0
	1
	1
	12
	0
	6
	6
	9.6

	1
	0
	1
	0
	12
	0
	12
	0
	9.2

	1
	0
	0
	1
	18
	0
	0
	6
	9.8

	1
	0
	0
	0
	24
	0
	0
	0
	10.6

	
	
	
	
	
	
	
	
	Min= 9.2
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