Groups, Symmetry and Other Explorations with Cross Stitch

Mary Shepherd

Abstract:  My interest in counted cross stitch has lead me to understand groups and symmetry better, and I present some of my explorations and designs in this paper.

I.  Some history

I taught myself counted cross stitch about 28 years ago.  When my older son was an infant, I began selling craft projects in much the same manner Tupperware is sold—in home parties mostly for women.  I had to learn all the crafts I would be selling so that I could help teach a craft at each party.  I particularly enjoyed counted cross stitch.  But my background at this time was not that of a mathematician.  I have an undergraduate degree in music performance and before my son was born, and for several years afterwards, I worked in bookkeeping and accounting, eventually earning a Masters in Accountancy and becoming a CPA.  I began graduate school in mathematics in 1990 and completed my PhD in 1996, so for many years cross stitch was truly a hobby.  Three to five years ago, I observed a symmetry pattern in a border I was working on, and began to wonder about all the possible frieze (border) patterns.  About a year ago, to help with writing a chapter in a book on the mathematics in cross stitch patterns, I decided to start designing my own symmetry patterns—for all the patterns possible in counted cross stitch.
II.  A Brief Review of the Mathematics Needed
We are interested in maps from the plane to the plane that preserve distance.  These maps are called isometries and are often referred to as actions on the plane.  There are four basic classes of isometries:  rotations, reflections, translations and glide reflections.  If we take these isometries as our group elements and composition as our group operation, it is not very difficult to show that we have a group—the group of isometries of the plane.  Now, this is an infinite group, since we can have rotations about any point by any angle, reflections over any line, translations in any directions by any length, and composing the translations and reflections we get the glide reflections.
We want to look at some subgroups of this large group of isometries.  These subgroups we find when some pattern in the plane lies directly back onto itself after the isometry action.  There are the symmetry groups.  There are three basic classes of these symmetry groups.  Rosette patterns have at least one fixed point after any of the symmetry actions is applied.  Frieze patterns have translation symmetries both ways along a single line.  Wallpaper patterns have translation symmetries both ways along two linearly independent lines.
III.  The designs
Cross stitch is an embroidery method wherein an 
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 is placed in a square on fabric that is laid out is a rectangular grid like graph paper.  Since symmetry patterns must take the pattern back onto itself, there are some limitations when working with cross stitch.  A symmetry pattern in cross stitch much take the square grid back onto the square grid.  This means that rotations are limited to multiples of 90o, reflections are limited to either horizontal or vertical with the grid or diagonally along the grid, translations are limited to “rational” slopes.  Because of these limitations, not all symmetry patterns are possible in cross stitch.  Only 6 of the infinite number of rosette patterns are possible, all 7 frieze patterns are possible and 12 of the 17 wallpaper patterns are possible.  I took three motifs and created all the rosette patterns for them.  See Figure 1 below.
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Figure 1:  Demonstration of the possible rosette patterns

I also took the same three motifs and demonstrated all 7 possible frieze patterns.  See Figure 2 below.
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Figure 2:  Demonstrations of the 7 possible frieze patterns for three motifs.

It is interesting to notice that the rosette patterns appear as the translated motifs in the frieze patterns, and that the rosette patterns with the 90o rotation symmetries may be used in the frieze patterns (see the fifth and sixth ones from the top in the middle picture in Figure 2) since a 90o symmetry pattern also has a 180o symmetry, and only 180o rotation will take a line or border back onto itself.
Similarly, I was able to demonstrate 12 of the wallpaper patterns possible in cross stitch.  See Figure 3 below.
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Figure 3:  Demonstration of all 12 wall paper patterns possible in cross stitch.
I have not given details of how these patterns were designed.  But in the process of designing them, I developed a much deeper understanding of symmetry groups.  This past summer, while in the airport in Knoxville, Tennessee, I was cross stitching on some of these patterns when Margaret Morrow, my roommate at MathFest looked down at the last rosette pattern in pink (see Figure 1) and said, “That’s D4.”  I looked at it again, and at the other rosette patterns from the same motif and thought, yes, you’re right and these are the subgroups of that group.   When I had finished all the patterns you see above, I asked myself, “Since some of the patterns are subgroups of the others, is there a way to visualize cosets or other properties of groups and subgroups?”  From that question, I designed the following (in Figure 4).
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Figure 4:  Design representing the group D4, its elements, subgroups and cosets.
Explanation of the design:  The full group D4 appears in the upper left and lower right corners.  

Elements:  The individual elements of the group are the remaining figures along the left and right sides.  The identity element is the figure directly below the D4 representation in the upper left corner.  The other elements of D4 appear as the result of the action represented by the group element.  For instance, the element represented below the identity element is reflection in the vertical line.  The one below that is rotation clockwise by 90o.  And in the lower left corner is reflection in the diagonal slanted in the positive slope direction.
Subgroups:  The four figures across the top and bottom, not including the edge figures represent the subgroups of D4.   The ones across the top are the two element subgroups involving the four different reflection lines of symmetry.  The ones across the bottom are the other four subgroups.  The ones across the top represent the single rosette pattern, D1 where there is one line of reflection. The two middle ones on the bottom, likewise, represent the single rosette pattern D2, where there are two lines of reflection perpendicular to each other.
Cosets:  The figures in the center of the pattern with multiple colors represent the cosets.  Each coset is a different color.  The top and the middle coset rows are, respectively, the left and right cosets of the subgroups on the top row.  The bottom coset row is the cosets of the subgroups on the bottom row.  It is clear from this that the top subgroups are not normal—their left and right cosets are not the same.  The subgroups on the bottom row are normal, hence the single row of cosets since left and right cosets are the same.

Designing this visualization of subgroups and cosets was a very enlightening exercise for me since my area of specialty is not algebra, but I am constantly tutoring students in it.

IV.  Future Explorations

I would like to explore similar visualizations of subgroups, and possibly cosets of the frieze and wallpaper symmetry groups.  They are infinite, though, and I will need some more thought on how to do these before they become a reality.
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