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Introduction:  

In January, 2007, Dr. Shepherd attended a talk at the Joint Meetings in New Orleans.  The talk by Barbara Ashton and Kevin Dove demonstrated an algorithm that would allow a person to cross stitch a region with a minimal length of thread.  My goal in this research was to take their result, make a change in the type of stitch allowed and investigate the regions that could still be cross stitched with the shortest length of thread.  

Background:  
But first, some background.  Cross stitch is a method of decorating fabric.  The fabric is always an even weave, which means that the individual cells for the cross stitch are perfect squares.  Aida cloth is an example of an even weave. 
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A single cross stitch has several stitch steps.  The first step is a Bottom Cross Stitch, abbreviated BCS.  Bottom Cross Stitches always go the same way.  For this paper, Bottom Cross Stitches will always have positive slope.  Thus they will go from the bottom left corner of a cell to the top right corner or from the top right corner of the cell to the bottom left corner.  The second step would be a Stitch on the Back, abbreviated SB, where the thread is carried on the back of the material.   The third step would be the Top Cross Stitch.   For each individual cell, the BCS is always stitched before the Top Cross Stitch, abbreviated TCS.  For this paper, Top Cross Stitches will always have negative slope and are either stitched from the bottom right corner of a cell to the top left corner or from the top left corner of a cell to the bottom right corner.  In between consecutive Bottom Cross Stitches and Top Cross Stitches, there are Stitches on the Back.  Stitches on the Back, if on a single cell, are of length 1 and are stitched on the back of the fabric along one side of the cell.  Since the individual cells stitched are perfect squares of length 1, the length of the thread needed to stitch one cell is 
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 and this can be rewritten as 
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. When several stitches are done in a row, all Bottom Cross Stitches are done first, and then the Top Cross Stitches are done.  Thus, the length of thread needed to stitch n cells would be 
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.  Every cell needs a BCS and a TCS, which each are of length 
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.  If the SB can be made of length 1, then we have a minimal length of thread.  After a stitcher cross stitches n cells, he/she will not complete the last SB.  That is why the formula subtracts one at the end.  
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Research:  


Dr. Barbara Ashton and Dr. Kevin Dove considered the following problem:  “Given a connected region of stitches of the same color, can the minimum length of thread needed to work the region be predicted?”  Connected regions have graphs that are associated with them.  According to Wikipedia, each individual cell in the graph has a vertex.  If cells share a side, then their vertices are connected with an edge of the graph.  Wikipedia also noted that a spanning tree of a graph G is a set of edges that connects all of the vertices of G without forming a cycle or a loop.  Using a spanning tree for the region, Ashton and Dove proved that the answer to their question above was yes and that it was the same minimum length L as for a straight line of stitches.  Ashton and Dove’s proof is an algorithm that allowed the SB to consist of horizontal stitches and vertical stitches.  An experienced cross stitcher in general would prefer vertical Stitches on the Back over horizontal Stitches on the Back.  In extending these results, we set out to solve the same problem, but we set a new condition in the question asked:  “Can we have the same minimum length of thread when using vertical Stitches on the Back?”  


The region Ashton and Dove used to demonstrate their algorithm was the following with its corresponding spanning tree:  
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To set up some notation, when a cross stitch is stitched in the left direction, it goes from the top right corner of the cell to the bottom left corner or from the bottom right corner of the cell to the top left corner.  When a cross stitch is stitched in the right direction, it goes from the top left corner of the cell to the bottom right corner or from the bottom left corner of the cell to the top right corner.  With the spanning tree above, the algorithm produces two horizontal Stitches on the Back.  The cross stitcher starts in cell 10 and does a BCS in the right direction.  The next stitch is a horizontal SB to the left.  This allows the cross stitcher to cross stitch a BCS in cell 5 in the right direction.  Following the BCS in cell 5, the cross stitcher completes a second horizontal SB to the left on the top of cell 5.  Thus two horizontal Stitches on the Back are allowed with the given spanning tree.  
We found a new spanning tree for the above region that resulted in the same minimal length of thread, but used only vertical Stitches on the Back.  
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The process for cross stitching this region with the new spanning tree is as follows:  

BCS:  12, 11, 10, 9, 4, 5, 6, 7, 8 

TCS:  8, 7 

BCS:  3, 2, 1 

TCS:  1, 2, 3, 6, 5, 4, 9, 10, 11, 12 

Thus, in this case, there is a spanning tree for which the Ashton and Dove algorithm uses only vertical Stitches on the Back.   The question then becomes, “Does there exist a spanning tree for any connected region that allows only vertical Stitches on the Back?”  Consider the following region.  There is only one graph.  Consider the spanning trees with roots, or starting points in cells 3 and 2.  It appears that the top corner of cell 7 cannot be reached using only vertical Stitches on the Back if one starts in either of these cells.  It also appears that if one starts in cell 7, cells 1, 2, 3 and 4 cannot be cross stitched.  By symmetry, cells 1, 5 and 6 will give us the same conclusions.  It also appears that if one starts in cell 4, he/she will end up in the same location as if he/she started in cell 3, thus leaving cell 7 uncross stitched.  
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BCS:  3, 4, 5, 6

TCS:  6, 5, 4

BCS:  2, 1

TCS:  1, 2, 3 
Thus, there is a connected region that might not be minimal length stitchable using only vertical Stitches on the Back.  Thus, the statement that ANY connected region could be stitched with thread of length L using only vertical Stitches on the Back might be false.  


In observing and doing cross stitch, it appears that alternate rows of cross stitchable regions will be stitched in opposite directions.  
This can actually be proved as the statement:  

Theorem:  If a connected region is minimal length cross stitchable using only vertical Stitches on the Back, the Bottom Cross Stitches of alternating rows will be stitched in opposite directions.  
Hence, if the BCS for rows 1, 3, 5, . . . were all cross stitched going in the left direction, then the BCS for rows 2, 4, 6, . . . would all be cross stitched going in the right direction.  

Proof 

First let us set up some notation.  Assume we start on row 1 and number from the bottom up.  Without loss of generality, assume we are stitching on an odd row headed to the right.  Symmetry will give us the same conclusions if we headed left of if we started on an even row.  If a BCS for any cell is cross stitched going in the right direction, the next SB would either go up one cell or down along the same cell.  
Case 1:  

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


If the SB went up one cell, there are two options for the third stitch.  First the cross stitcher could stitch a BCS directly above the original BCS on an even row.  If this was the case, the second BCS would go in the left direction.  Thus the two Bottom Cross Stitches that were stitched on alternating rows would be stitched opposite directions.  A second option the cross stitcher has after cross stitching one BCS in the right direction and one SB up is to do another BCS two rows away from the original cell, on an odd row.  Based on the position of the needle, the second BCS would go in the right direction.  Thus the two Bottom Cross Stitches would be cross stitched in the same direction on odd number rows.  Thus if the BCS for any cell was stitched in the right direction and the next SB went up one cell, the Bottom Cross Stitches of alternating rows would be stitched in opposite directions.  
Case 2:  

	
	
	
	
	
	

	
	
	
	
	
	

	
	
	
	
	
	


If the SB went down along the same cell, there are two options for the next BCS.  First the cross stitcher could stitch a BCS in the cell directly to the right of the original cell.  Based on the position of the needle, the second BCS would go in the right direction.  Thus the two Bottom Cross Stitches would be cross stitched in the same direction on the same row.  A second option the cross stitcher has after cross stitching one BCS in the right direction and then one SB down along the same cell is to do another BCS in the cell directly below the original cell on an even row.  Based on the position of the needle, the second BCS would go in the left direction.  Thus the two Bottom Cross Stitches that were stitched on alternating rows would be stitched opposite directions.  Thus if the BCS for any cell was stitched in the right direction and the next SB went down along the same cell, the Bottom Cross Stitches of alternating rows would be stitched in opposite directions.  
Top Cross Stitches are also possible options after the SB, but if no Bottom Cross Stitches are done, Top Cross Stitches cannot be done.  Therefore, if a connected region is cross stitchable, the Bottom Cross Stitches of alternating rows will be stitched in opposite directions.   ⁪
Now that it has been proved that if a connected region is cross stitchable, the Bottom Cross Stitches of alternating rows will be stitched in opposite directions, a corollary follows.  
Corollary:  The region represented by this graph is not cross stitchable.  
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Proof 

We start by assigning alternate directions to alternating rows. Let the bottom row containing cells 3, 4 and 5 be row 1 and the top row containing cells 1, 2, 6 and 7 be row 2.  Let row 1 stitch the Bottom Cross Stitches to the right and row 2 stitch the Bottom Cross Stitches to the left.  Then, there are three possible starting locations:  cell 3, 2 or 7.  Suppose you start in cell 3 heading right.  After completing the BCS in cell 5, the cross stitcher will stitch a SB up to reach cells 6 and 7.  To BCS cell 7, the needle needs to be headed in the left direction and started in the top right corner of the cell.  This is not possible after completing a BCS in cell 5.  Starting in cell 2 headed in the left direction will get you in the same position as heading right in cell 3.  The cross stitcher will complete a BCS in cells 2 and 1 headed in the left direction.  Next the cross stitcher will stitch a TCS in cell 1 before completing a SB down to start a BCS in cell 3.  Thus, as stated before, cell 7 cannot be reached.  If you start in cell 7 going in the left direction, you will complete a BCS in cells 7, 6 and 5.  Since the BCS in cell 5 was cross stitched in the right direction, the needle will be in a position where it cannot reach cells 1, 2, 3 and 4 with the shortest length of thread.  Symmetry allows us to make the same conclusions if the Bottom Cross Stitches in row 1 were stitched to the left and the Bottom Cross Stitches in row 2 were stitched to the right.  Therefore, the below region is not cross stitchable.  
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⁪
Hence, not just any connected region can be stitched with the minimal amount of thread using vertical Stitches on the Back.  As shown in the above proof, the reason a connected region cannot be cross stitched is not affected by where one starts; however, some starting locations may leave more cells uncross stitched.  It is interesting to note that although the above connected region is not cross stitchable, adding one new cell above cell 7 makes the region cross stitchable.  
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BCS:  3, 4, 5, 8, 7 

TCS:  7, 8 

BCS:  6 

TCS:  6, 5, 4 

BCS:  2, 1 

TCS:  1, 2, 3 
Also, moving cell 7 above cell 6 makes the connected region cross stitchable.  
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BCS:  3, 4, 5, 6, 7 

TCS:  7, 6, 5, 4 

BCS:  2, 1 

TCS:  1, 2, 3 

Moving cell 7 up or down from its original location also makes the region cross stitchable.  After making these adjustments to the original connected region, one may question if the regions that can be cross stitched could be categorized.  
Conclusion:  

Thus, we have found that some connected cross stitch regions are still cross stitchable with minimal length thread when the Stitches on the Back are limited to vertical stitches.  These regions stitch the Bottom Cross Stitches of alternating rows in opposite directions.  Connected regions that cannot be cross stitched with minimal length thread using only vertical Stitches on the Back are not cross stitchable because the Bottom Cross Stitches cannot be stitched in opposite directions on alternating rows.  
Ideas for Additional Research:  
So what do you think?  Is there a general condition for regions that are cross stitchable with the minimal length of thread and only using vertical Stitches on the Back?  What other regions can be cross stitched?  We have found ways to cross stitch these regions using minimal thread length and only vertical Stitches on the Back.  Are these representative of cross stitchable regions?
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This is an example of Aida cloth with a single cross stitch.  
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